e e o o o < St O S

CLEARINGHO |
POR FEDERAL SCAEN 1Y 0 ARD |
1

Ny -~

TECHNICAL INFREMATION

o o

&rdoopy d-oros et

sz ¢ois 15T, ?U/uu

Uoordinated
Ncience
Laboratory



WEIGHT DISTRIBUTION FORMULA
FOR SOME CLASS OF CYCLIC CODES

Tadoo Kasami

REPORT R-285 APRIL, 1966

Y wEmy sy g




I A e e e e e
ot e g o . A0 < apnn v PCHPIGEPR U [ L e
e ————_ A1 S5 g 7 ~7

This work was supported in part by the Joint Services Electronics
Program (U. S. Army, U. S. Navy, and U. S. Air Force) under
Contract No. DA 28 043 AMC 00073(E), and in part by the National
Science Foundat ion under Grant NSF GK-690, and in part by the Air
Force Cambridge Research Laboratories under Contract AF 19(628)4379,

Reproduction in whole or in part is permitted for any purpose of
the United States Government.

Distribution of this report is unlimited. Qualified requesters
may ootain copies of this report from DDC.




e e e o -

WEIGHT DISTRIBUTION FORMULA FOR SOME CLASS
OF CYCLIC CODES

Tadao Kasami

Abstract

Let hl(X) and hz(x) be different irreducible polynomials such that
hl(a-zh-l) = 0 for some h(0 < h < m) and hz(a-l) = 0, a being a primitive
element of GF(2“5. This paper presents the weight distribution formula of
the code of length 2"-1 generated by (sz-l - l)l(hl(Xth(X)) for any m

and h, Some applications to the cross-correlation problem between two

different maximum length sequences are presented.
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1. Introduction

W. W. Peterson [ 1] calculated a number of weight distributions for BCH
codes of lengths 63 to 1023 and their dual codes by digital computation.

He observed that some BCH codes with large t for a given m (5 < m < 10Y have
a very simple structure of weight distribution. The result presented here
is a theoretical development of his observation.

Let C be a cyclic code of length 2"-1. The extended code of C is the
code with an overall parity check added to C as the first digit. The first
symbol in a code vector is numbered 0, and for i > 1 the i-th digit is
numbered ai-z, a being a primitive element of GF(Z"S. Now for a(f 0) and
beGF(2“5 and for a code vector v of the extended code, permnute the symbol
in position X to position aX + b. Then, the resulting vector is denoted by
nabv. W. W. Peterson [1] proved that the extended codes of BCH codes are
invariant under doubly transitive group of permutations T = {ﬂabla(JO),
beGF(2“5}. This paper presents the weight distribution formula for a class
of cyclic codes of length 2™-1 whose extended codes are invariant under T,

Let gl(x) anc 32(X) be different irreducible polynomials such that

h

(1) gl(az *hoo for some h (0 < h < m),

(2) 8,)(a) = 0

The degree of gl(X) is a factor m' of m and the degree of gz(X) is m. Let
m' -1 m -1
h (X = X" g, (X ), hy(X) = X'g,(X ")

Let Co’ C and C' denote binary cyclic codes with length 2™-1 generated by
m m

2°-1 -1 -
g8, (X g, (X), (X" "-1)/(h; (Xb,(X)) and x? -D/L(X-1)h, (h, ()] respectively.
Then C is the dual code of C, and a subcode of C'. If h = 1, then Co is a

double error correcting BCH code, and if m is odd and h = (m-1)/2, then C is
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a BCH code with the second largest t for given m.

In what follows, the weight distribution formula of code C for any m
and h will be derived. This problem is clcsely related to the cross-
correlation problem between two different maximum length sequences.* Some

applications to the problem will be presented in section 6.

2. Preliminary Lemmas

Lemma l: The extended code of C' or Co is invariant under 1.

This lemma follows from the definition of C' or C0 and a general

theorem [2]. Let

m=m'n" . (1)
2"

Since « is a root of gl(x), it can be assumed that

2h < m, ' 2
since (2™ -1) (2"+1) is divisible by (2™1) = 2™ -1) ™ (™D ,
™D Ly,

h > m' (m"-1)
From (1) and (2),

m'n'" > 2h > 2m' (n"-1) . (3)

Hence,

m" = 1 or 2.

If o' = 2, then it follows from (3) that
m' = h,

That is, there are only two cases:

m' s m

and

m' = m/2 = h,

* Dr. B. Elspas pointed out this relation.
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The following well-known lemmas will be used later.
Lemma 2: Let u(f) denote the smallest positive integer u such that
1]

31 (mod £). Then, Y =1 (mod £) if and only if u' & 0 (mod u(4)).
Let (£,4') denote the greatest common divisor of £ and 4'.
Corollary 3: Llet u = (ul’UZ)' Then,

u u
%1 = 2 t1.2 2y,
]
Lemma 4: 2%+1 (or 2"-1) is divisible by 2" +1, if and only if u is
divisible by u' and u/u' is odd (or even).
Let ¢ = (m,h), ¢ = (m.2h) and v = (2m—1,2h+1). By Corollary 3,
t
2.1 = (2™1,2"-1, (%)
2%.1 = (2"1,2%P-1). (5)
Since (2h+1,2h-1) = 1,
2"1,220. 1y = 2™1,2% 1) @2™1,2"-1.
Thus,
~ )
2°-1 /v = 2° -1.
Bv cefinition, ¢ = ¢' or 2¢'. Therefore, wo have:
Lemma 5: If c = ¢', thenv = 1, OQtherwise,
t ~
v e 294 - 22, (6)

The next lemma is due tu Pless .3 .

Lemma 6: let a} and bj den>te the number of code vectors of weight j

in a code A and . : . ‘mber of code vectors of weight § in the dual code of A

respectively. If bl - b2 = 0, then the following power moment identities

hold:
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Lja, = Zk-ln

zk’zn(n+1)

M
G
o
]

j 2 3n3and) - 3:2“'3b3

™M
.

n

]

£3'a, = 2% (n%+6n343n2-20) - 4!2“'“nb3 + A!Zk-Ab“,

where k denotes the number of information digits.

Let C1 and C2 denote binary cyclic codes with length 2" generated

,Mm m
by (xz 1-1),"h1(x) and (x2 1-l)/hz(x) respectively. Codes C1 and C2 are

subcodes of C and C'. 1f the degree of gl(x) is m, then the roots of
. -1
hl(x) = x“gl(x ) are:

mabe2 2+l 2
a = g

»

h
a-(Z +1) 8 a2

m-h-1_ _h. m-1 _m-h-1
* -

N . - _o(m=h) _h .
o 2 (2°+1) . a2 2 1 a 2 (2°+1) _ aZ

TP LI L L
a =

There is no i (0 < i < Zm-l) with hi(ai) « 0 except for

m-l_ m-h-l.

i, =2 2 1

1

and
m-l_ h-l_

,
P -

By (2), ‘l < ii'

1f m = ./2, then the roots of h‘(X) are:

‘ 1 ' - '
JRTCARS I Ao L BT T AR I P AR B

,nl

-2
a
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‘b-u.,u.
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there is no i (0 <i< Zm-l) with hl(ai) = 0 except for

m-l_zm'-l

1, =2 -1,

1

m m
The roots of hz(x) are a ! = a2 .z,a-2 = a2 -3,...,a =a

As it 1s done above, here we let

) m=-1
iy, = 2 1.

*
Let xl,xz,...,xw be the location numbers of code vector wv(x) of C'.
. en,
W

V(ai) =7 X
f=l

i

¢ s 0<i<2™

]
For any BoeGF(Z), any BleGF(Zm ) and any BchF(2m5, there exists a unique
i i

code vector v(x) of C' such that v(l) = Bo, via 1) = B1 and v(a 2) = GZ

(Mattson, 3olomon 57). Let v(ﬁo,Bl,Bz;x) denote the code vector specified

and B,. By definition,

by B8,.8, 2

£ Li

xiv(Bo,Bl,Bz;x) = v(Bo,a 1Bl,a sz;x)

1f and only 1f Bo = 0, v(BO,Bl,BZ;x)cC. If and only if Bo =B =0 (or

1
a s n .

Bo BZ 0), then v(..O.Bl,Bz,x)CC2 (or Cl). The cyclic permutations on

code word symbols induce a permutation Rroup on the code vectors of C',

which divides C~c2 into disjoint sets of transitivity. Since v = (il,Zm-!).

each set consists of (Zm-l)/v code vectors. In case of m' @ m, let

V(O.ai.Bz.x) 0 <i<wv, BchF(2“5) represent eaca set. In case of o' & m/2

let v(O,l.Bz;x) represent each sel.

‘A polynomial representation will be :sed for a core vector 74}.

L]




Now, consider the extended code C _ of code C'. Let V(B ,B.,B.)
ex 0o’ 1’72
denote the vector with an overall parity check added to v(ﬁo,ﬁl,Bz;x) as
, - s e = {=¢r . '
the first digit, By definition Cex {V(CO,BI,BZ)‘V(BO,BI,BZ,x)ec }.
Let X)X, . X be the locatlon numbers of v(B .R 1)) and let
W i @
s. =% X , 0< i< 2-1 (7
i f -
f=]
lhen, bv definition
s, =B, . (8)
1
siz =B, , (9
. Y S | m
s, =0 (iki,27,i,2" (mod 2°-1), 0 < £ < nm)
Iherefore,
) .. . m-1
Si -0 (g 11,11, l1<i<2 -1 (10)
By Lemma |, “lbv(ﬁo,ﬁl,bz)ccex for any chP(Z“S. Let
o o = - ' ] ]
lhv(go'Bl’Bz) V(BU’BI’BZ) . (11)

The weights of ;(B,.Bl.ﬁz) and ?(BL.B;.BE) are the same. By the definition

ol -

ib’
W H
a & (Xf+b)
ful

1
]
Bl

w iz
né « T (x{+b)
fal
Hencwo
w il il i il-i il )
Bi «f I (i ) Xf b - L (i ) Sib
fal =0 =0
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From (8) and (10),
! =
B1 Bi (12)
i. m-1 m-1 _m-1 m~1
2 - 2" -1
Note that (Xf+b) 2= (xf.,.b) 1 = (xfz +b2 )/(xf+b) = xf +
m-1 m=1
xf2 54 oo 40> h Then,
m-1 . m-1
ﬂ w 2 -1 i’2m-1-1-i 2 -1 2m-l_l_i
Bé = Z Xf b =X Sib (13)
f=1 i=0 i=0
h m 2h
Consider the case of m' = m., Since i! & 2i, (mod 2°-1), S,, = S, From
: ‘ i 1 1 3 11
(8),(9), (10} and (13),
m-1 h .m-1 m-h-1
2 . -1l-i 2 .2 ~1-1i! 2
(. 1 =
82 B}b + B8, b 1 + 82 Blb
h ,h-1
+80b% 4, . (14)

For the case of m' = mf2, it follows from (8), (9), (10) and (13) that

.2h~1
| -
82 = Blb + 82 . (15)
Hereafter we shall consider the case of m' = m except for section 5.
i 2m-h«l i211 2h-l o
For each i (0 < i < V), Vi = {a'b +a b IbeGF(Z')} forms a
subspace of GF(Zm). Let
m=h-1 h _h-1
. i,2 i
F (%) = a'X 'S
. oh=1 _h-1, m-2h N
- a1x2 (X2 (2 1) + a1(2 1))

1f i = 0, the order of a nonzero root in GF(2"5 of FC(X) is a factor of

"L since ¢ = (m,20) = (myme20), 251 = (2™1,2"%"-1). This implies

v~w~*~1Eﬁiﬁ;;ann:::ﬁl-ltjxiP"thqn‘a .
- L ' : AT .




that the rocts in GF(2"5 of Fo(x) are in subfield GF(ZC). Conversely, any
element in this subfield is a roct of Fb(X). Hence, the dimension of Vb is

m-c. Let V =V, VooV e,V be the cosets of GF(ZHS with respect
00 01’702 02¢-1
to Vo. Each coset has 2™ ¢ elements.
For i i 0, assume that al is a root of Fi(x). Then,

™y = 12" (mod 271y

2h.

(1-22M 5 2 12" (mod 21y

ni

b+l (mod Zm'l)

24D = 02

Since v divides both ?h+1 and 2™1. v must divide i. However, 0 < i < v,

Therefore, there is no reoot in GF(2"5 of Fi(x) except for zero. Consequently,

Vo= GFi2™) .
ki 4, o .
Let By, = {@ "a B|0<s< 2", Bevoj} (0 < j< 2°-1) and
i+£i1 . .
B, = {(a ,B)10 < &< 2"-1, BeGF(2™} (0 < i < V). Then,
lBojI = 2™ 2% %y ©0<i<2%9, (16)
*
Bl = (2™-n2"p ©<i<v) . (17)

It follows from the definition of BOj or Bi that for any (31,32) and
gﬁi,Bé) in the same BOj or Bi and for any BOGGF(Z), there exists permutation
m,p Such that ”353(90’51’32) = V(Bé,Bi,Bé) and BéeGF(Z). Therefore,

G(SO,BI,BZ) and V(Gé,ﬁi,ﬁi) have the same weight w. If Bo (or B;) is zero,

"'BI means the number of elements of B.

v O, A S

$o




then v(O,Bl,Bz;x) (or v(O,B',Ba;x)) has weight w. If Bo (or B;) is one,
then v(l,Bl,Bz;x) (or v(l,B',Bi;x)) has weight w-1 by definition. Since

m
1)2 -1_1]/

' i, 72 if

C' contains all one vector e = (1,1,...,1) and e(@’) =& a = (@
f=0

@@l-1) = 0 (0 < 1 < 2™,

v(l,Bl,Bz;x) = v(O,Bl,Bz;x) + e(x).

Hence, if Bo (or B;) is one, then v(O,Bl,Bz;x) (or v(O,B',Bé;x)) has
weight 2"w. Therefore, we have Lemma 8.

Lemma 8: For each j (or i) (0 < j < 2C, 0 < i <v), there is woj (or
wi) such that for any (Bl,Bz)eBOj (or Bi) the weight of v(O,Bl,Bz;x) is

. m m
either wOj (or wi) or 2 wOj (or 2 wi).

3. Case I: (m,h) = (m,2h)
Hereafter a will denote the number of code vectors o weight w in C
and bw will denote the number of code vectors of weight w in Co.
Llemma 9: For ¢ en w,

m
w (2°-w)a m >
2 -w

1

wa

wb

m .
o= (2-Wb

2 -w
This lemma follows from a theorem due to Peterson [1] and Lemma 1.

Consequently, if the values of w,.'s (0 < j < 2C) and wi's (0 < 1i<v) are

0]
known, the weight distribution of C-C2 is completely determined. Further-

. m-1 . .
has weight 2 , because C, is a maximum

more, any nonzero vector of C 2

2

length sequence code.

'-
Lemma_10: b, = by = 0, b, = 2° ~'-1) (2"-1)/3,
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Proof: Since Co is a subcode of Hamming code,

b1 = b2 =0,
Iy 4y I3 |
Assume that ¢ ', ¢ = and @ ~ are the location numbers of a code vector of

weight 3 in Co' Then,

a +a =a (18)
3,@%D 5, 5,
a + a =a (19)
From (18),
h h h
j2(2+1) i, i, ,b j,2 3,2 i PR
a.3 =(a1+a2)2+1=(a1+a2)(a1+a2)

. h N . . Aah . h
3,(2°+1) 3,2 ] iy 3,2 jo(2°+1)
1 1 2 172 2
=qa + a a +a «a + a

By combining with (19),

b
=0,

NPLI I
512 i, iy,
a a +a a

h
(3;=3i) (2 -1)
a +72 - 1. (20)

Thus,

(31-3) @"1) = 0 (mod 2"-1)

If ¢' = (m,h) = 1, then (Zh—l,Zm-l) = 1., Therefore

Jp =1y -
This is a contradiction, which leads to the conclusion that b3 =0, If
c' % 1, then (Zm-l,Zh-l) = 251, Let
e (2™-1) /251 . (21)

A
P
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Then,

i % j2 (mod W) .

. Elu lzu 4
Let j1 u £1u+1 and j2 ='£2u+i (0 <{i<wu). Since a + a = q for

some 23, it follows from (18) that j3 = £3u+i. Conversely, for any i

(0 < 1<) and for 4, £,, and £, such that
LW £ LH ‘
¢! +a? =q° (22)
!
0 < £y,0ysty < 2° -1, (23)
4t zzu.+i b u+i
a y @ , and a satisfy (18) and (19). The number of unordered

C'

triplets (£1,£2,£3)'s satisfying (22) and (23) is equal to ( 2 2-1)/3.

Consequently,
2¢' m ct-1
b3 = ( 2 )/3 = (2 ’"l) (2 'l)/3. Q-E.D.
Lemma 11: Let I2 and I4 denote T (j-Zm-l)Zaj and % (j~2m_1)4aj
340 i10

respectively. Then,

12 - 22m-2(2m_1)’

1.
14 - 23m+c 4(2mw1)

Proof: Note that k = 2m. By using the power moment identities of

Lemma 6,
I, =% jzaj L jag + p2m=2 T a
0 ]
- 22m-2n(n+1) 3 23m-1n + 22m-2(22m_1)

(zm_l)(23m-2_23m-1+23m-2+22m-2

)

. (Zm_1)22m-2
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™15 %2 43221 g 5%

4
I,=%)ay- 3

- 23'““1 L ja

i 3

+ 24m-4 5

%
40
2m-
= 2" 4(n4+6n3+3n2-2n) 3m 2( 3+3n )

+ 3°24m-3n(n+1) . 2Sm-2n 2Am 4( 2m_ -1

+ 3(23m 1 2m 1 )b + 3. 22 2 4

= nf22™ 40 (1) 343Dy (n-1) ] - 22" ey 2 4

n-1] 4 3.2%M 304y - 27™2 4 QAmed oMy

2m-1
+ 3°2 (b3+b4)

-4 - - - BYA
{25m _25m 2 3‘25m 3_25m 2 25m
A z, ~d
3.2 3m (2 2) 3!11 2(2m 2) m }

2m=-1
+ 3:2 (b3+b4)

= @"p2>™3 3-22m‘1(b3+b4) (24)

Since all one vector (1,1,...,1) is in C ,
o™ 3
By Lemmas 9 and 10,
b.+b, = b b, = 2™ % = 2™%,
3*% + B

- 2m'2(2°"1-1)(2m-1)/3 . (25)

rses TNy

——y aniiieengy bt ]
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By substituting the right hand side of (25) into (24),

L
I, = @1y 23™e' 4 Q.E.D.

Let jM be the smallest nonzero integer such that

a, +a * 0.

(jM~2 y°o>1,/1, = 2“"“"2 (26)

Consider the case where ¢ = ¢'. Then, v = 1 by Lemma 5. Since all nonzero

vectors in C2 are of weight Zm-l, it follows from Lemma 8 and (16) that

- -t -
aj+a . ( 40, 2™1) must be divisible by 2™ (2™-1) = 2% ¢(2™.1).
27~

Therefore, from (26)

I, > 2" h2aG, +a y > 222" .27)
— M J m . —_—
M 2-j
M
By Lemma 11 and (27),
- iq-
I = { -2" 1)2(a. +a y = 2°° Z(mel).
M JM Zm-j
M
Consequently,
-1, 2 . 2 :
(JM‘ZH 1) = 2m+c 2 = zmrc (28}
a_ +a = 2" 2" (29)
mo 2"y
M
. m-1 _m
aj'O(j4O’JM)z ,Z jM)o
Hence,




14
i = 2m-l 2(m+c)/2~1
M
(30)
a 2%™.q - (a, +a )
2 VL
= (272%™~
By Lemma 9, (29) and (30),
2 = (2m~c-1+2(m-c)/2-1)(Zm_l)
jM
-c- ) /2+
s _ - (zm ¢ 1_2(m /2 1)(2m_1)
2 iy
Thus, we have the following theorem.
Theorem 1: If (m,h) = (m,2h) = c, then
a = 1
m~c-1l _(m=c¢) /2«1 ..m
azm-l_z(m+c)/2-l (2 +2 y(2 -1)
m . m-c m
azm_1 = (2°-2° +1)(27-1)
mec~1_,(m-c) /2-1, m_
el imee) /2.1 = 2 (2D
aj = 0 for other j.
4. Case I1: 2(mh} = (m,2h) ¢ m
1
Consider the case in which 2(m,h) = (m,2h). Then, Vv = 2¢ 41 by
Lemma 5. Since v(O.Bl,O;x) is in Cl, %00 * Yor¥prcc-s¥,.y a0 be found
from the weight distribution of Cl. Each code vector of C1 is a Vv
concatenation of & code vector in cyclic code Ci of length (2m-l)lv which
, m
fs generated by (x(z l)/\'-l)/hl(x). let v'(B;x) denote a code vector v'(x)
e L A ———— Y R Seme— T T

Lt TR

e B s B

-
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in Ci such that v'(a 1) = B, With the same argument as the one of section 3,

set C! = {v(ai+£v;x)|0 <4< @1 /v} (0 <1i<V) consists of (2"-1)/v

vectors of the same weight w Since v(0,6,0;x) = (v'(B;x),

1
i
viBi®,...,v' B;x) , w, can be given by the foliowing equation:
\_______V—___/

v

= \'w' q
woom VW 0 <ic<v)

Therefore, by applying Lemma 6 to code C}, we have

1
m vel m-} .m
@ -np = wi/v = 2 (2°-1) /v ,
i=0
m v-l 2 m-2 m 2
Q"D £ = 2"y @My v
i=0
Thus,
vol m-1
< w, = v2 a1
i=0
v-1l o )
v wi2 = 2" Z(Zm-l+v) = 2" Z(Zm*zc ) (32)
i=0
Therefore,
vl m-1. 2 m-2 .m m m-l . 2me2
z (wi-2 ) = w2 (2 -14V) -2"V2 + 2 v
i=0

= ‘JZm.Z(V-l) = \JZMC"-Z 33

On the other hand, it follows from Lemma 8, (16), (17) and the cefinition

of 12 that
Iy= 1+ 1)
m- zc., m-1 2
1,0 * 2 “2Q™n sl (g2 ) /v, (34)
j.

vel

1,, - z”"(zm-n)(uo-z”'l)zfv NELITLETIS (u“z°")2/v.
{wl




By Lemma 11 and (33),

2m2
12 (2 -1)

(35)
> 121 . 22m+c' 2(2 1 - (Zm-l)(Zm-2m°c)(w0-2m-1)2/v.

By a simple calculation,

Hence,

(wO-zm-l)Z > 2m 2(2c _l)v/(zm_zm-c)

- 22 (by (6)).

v = 2m- 2(m+c)/2 -1

. + ( +8), 60 (36)

Now, by (31) and (32)

v=-1 -
e B (u-@™ ¥ VT2
i=0

"2 (2 14wy 22 T2V 2 Yy 7] e lgymi2-1 2

- ', - - - -
- v{ZZm 2+2m+c 2_22m-1i23tnl2 1+22m-2:23m/2 1+2m 2}

- ZM’Z(ZC'+1)2 (37)

On the other hand,

I' > (w -(2

m- L. m/Z- ) - [2“’%ﬁ(2‘m+c)/2-{+6)-2n.¥12m/2.l]2

. 2% 202% 1482170/2)2 (38)

From (35), (36), and (37), we have that

I L Y N

-

8«0
woe 2"l ™MEl gogey (40)
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Since w (0 < i<v) is divisible by v, the + sign is determined by Lemma 4.

Thus, we have:

Theorem 2: Let a'vdenote the number of code vectors of weight j in C!.

i 1
If m/c is odd (or even), then

2

. /2,

m
’ m-1+2(m+c)/2-1) = @-nH/@

m-1_,(mbc) /2-1 (OF @

c/2

' y (or a' y = 2572021y 7 2% %y .

azm-1+2m/2- zm-l_zmlz-l

a' = 0 for other j.

b
From (35) and (39) it follows that

121 - 22m+c'-2(2m_1) . (Zm_l)(zm_zm-c)2m+c-2/v
= 222"y (2" - (2°-1) W)
- 22m-2(2m_1)
-1, (bv (35)).
By (36), .
Ipp = @027 T (42" H% a0
ju
Hence,
wy = azye. @D

By (lb6), (17), Lemma 8, (39), (40) and (41), we have:

~ @ Lmec/2, o cf2
R R I Y S @027

c/2

8 s @027 @ ey« 2%

2
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m c/2
‘1_2(m+c)/2-1 + azm-l+2(m+c)/2-1 - 212"/ (2 1)

Thus, the next theorem follows from Lemma 9.

Theorem 3: If 2(m,h) = (m,2h) = ¢ and ¢ ¥ m, then

a, = 1

azmol z(mc) /2-1 (2 -1) (z(m C)/ ])z(m'C) /2 l/(chZ

azm-l /2 - (2“-1)(Zm/2+l)2(m+c)/2-1/(2c/2+1)

c/2

a = (222" %

c/2

(m+c)/2-1, +1)

w2 "1y 2¥y2 2

PRI

aj = 0 for other j.

5, Case 1II: 2(m,h) = (m,2h) = m

Consider the case of m = 2h. For any Bl * 0, B8, in GF(Z"S. there

2
exists chF(st such that

2h-l
Blb + Bz =0,

because (Zh‘l.Zm-l) = 1, From (15) and a similar argument to the one for

the case vf m = m', it follows that there exists w such‘thaf the weight of
any code vector in c-C2 is efther w or 2™u. Sincé c{. the cycliz code of
length 2@/2_1 generated by (xznlz.l-l)IBI(x). is a saxisum length soquedce
code, Cl congists of one zero vector and 2"2¢l vectors of weight 2"’2°l

(Zmlz+l) Therefore,

-
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L CRIPLL

On the other hand, C2 is a maximum lengtﬁ‘sequence code of-length 2m-l.ﬁ
Hence, S - - : i : -

) m.
a m"l =2 "1 .

According to Lemma 9, we have:

Theorem 4: If m = 2h, then

ao =1
_ m/2 m-1 .m/2-1
a 1 nf2-1 "= (2 (2 "+2 )
2 -2
1
a = -1
2m-l
m/ 2 m-1 .m/2-1
a = (@27 7-1 (@2 -2 )
)0 1+2m/2 1
aj =0 for other j.

6. Crosscorrelation Functions of Two Maximum Length Sequences

h
It follows from Lemma 5 that a2 +1 is a primitive element if and only
if ¢ = ¢'., Assume that ¢ = ¢c'. Let
2" 2 ¢
v(0,1,05x) = & vy gX
f=0
2"-2 ¢
v(0,0,1;x) = Z VogX
f=0
Then, Vi= VoY1 Y and Vo = VoqsVayseersV o are maximum
127-2 22 -2

length sequences of length 2™-1, 1In Vi and Voo replace 0 by -1, Let

U, = U, ,U. . ,.0e0,U _
1 10’711 12m_2 and u2 =u

20’u21""’u22m_2 be the resulting
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sequences of real numbers 1 and -1. Correlation function 8(j) of u, and u,

is defined by

2°-2
0(j) =

u, U, .
£20 1£72f-5 ,

where suffix f ~ j is to be taken mod 2"-1. Note that

. ji
v(0,1,0;x) + va(0,0,l;x) = v(0,l,a 2;x).

ji
1f v(0,1,a 2;x) has weight w, then

8(j) = 2™-1-2w . (42)

Let e denote the number of j's (0 < j < 2m-1) with 6(j) = i. Then, 85 is
the number of vectors v(0,1,B8;x) with weight (Zm-l-i)/2. From sections 2
ard 3, we have theorem 5.

Theorem 5

m-c-l_z(m-c)/2-1

S = 2 ’
_g(me) /2 4
s.1 = 2™- 2" ¢ ,

_ ,mmc-1 (m=-c)/2-1 ,
Sz(ml-C)/Z_l = 2 + 2

s, = 0 for other i.

For 0 < j < 2™1, let

Bj =1 1if 6(j) =_2(m+c)/2_1 or 2(m+c)/2_1

8, =0 if () = -1.

8 will be called the correlation sequence of

Sequence 6 = 8,6
0 2"-2

l’oto,

1

u. and Uy. We shall characterize the correlation sequence helow. Recall that

F't
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2m-h-l 2h-l
Vg = Voo = (b + b |becr(2™}
since (2" 1,2"1) = 1,
2m-2h
Vo, = (b + b|becF(2M }
00
Since (m-2h,m) = c, the Galois group of GF(2“5 over GF(ZC) is generated by
m-2h
the automorphism X = X (by Theorem 9, p. 127 of [6)). Therefore, from

the trace theorem (p. 121 of [6])) it follows that
Voo = {blo(b) = 0, bear(2™},

where o(b) denotes the trace of b in GF(2n5 over GF(ZC), and

c 22c m=c

2 2

o(b) =b+ b +b + ...+ b

Hence, any element of each coset VOj has the same trace tjeGF(ZC), and if
RSN AT
Note that VZ(O,BI,BZ;x) = v(O,Bl,Bz;xz) = v(O,Blz,Bzz;x)eC and that

V(O’BI’BZ;X) and v(O,Bl,Bz;xz) have the same weight., Consequently, if

tj’ = tjz, then wOj' = wOj' From the proof of Theorem 1 it follows that

there is only one j0 such that

o<l p(mee)/2-1

m-1 .
wOj-z"J*JO'

Since t, = t.2 , t. =0 or 1., Since C, is a maximum length sequence
o o o !
code, wy, must be 21, Therefore, ti = 1. This implies that the weight
-0 c 2c
of v(0,1,B;x) is not equal to 2" 1 if and only if B + 82 + 82 + .
,mc it,  i,2e j1222°
B = 1. From (42), 8(j) % -1, if and only ifa “ + a +a +

m=-C

+

jiy2 2i 2"2 m-l i

ceo + @ =1, Since a = = o and a- =a2, we have

Theorem 6.
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. c .n2C .aM=C

Theorem 6: Gj = 1 if and only if a J + a”jz + a-Jz + o0+ j2

= 1.
)

Now consider the case of ¢ = 1. By definition, v(0,0,15q¢ °) = 1.

Therefore,
2£

v(©0,0,1;0°°)Y =1 (0<4<m

. )
On the other hand, for any a’ §\a 2 0<L<m,
v(0,0,1;a') = 0 .

By the formula due to Reed and Solomon [7],

2°-2

m
2= & V(O,O,l;atj)az'Jf

f 2f 2" f 2 °f
+a +a + ... +a .

]
R

Hence, by Theorem 6
ej =v
22°-1-3 .
This implies the following corollary.

Corollary 7: 1If (m,h) = (m,2h) = 1, then the correlation sequence of
the maximum length sequence generated by hl(X) and the one generated by
hz(x) is the maximum length sequence generated by gz(x) = thz(x-l).

R. Gold and E. Kopitzka [8] observed that for some pairs of maximum
length sequences the correlation sequences are also maximum length sequences
and they listed all such pairs of sequences of length 8191 or less. Among

28 listed pairs, 25 cases are covered by Corollary 7.
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